Lechr (D

,Fuclmc/, L)fgefeﬂ/v‘bp 54&%5345

i(j?g/\ i gome (vie -(ch N

C[)r’) RI/M/\ Q Hj P(ﬂ/kﬁ (ZOMQ/(TCL F[jﬂ s



} U C,-gze,b' | 1) C

@ ;‘_”u‘ L«*{/&SVE L §} E:: LJi ﬁl—l "j'ﬂuo iﬂlf@»{ f:;,/ jﬁvzj’&.@ for
})u R

@) Fudow D8 W L e cepaler Sngel pock
<Hfjp ¢A f}e‘ia-mé/%ﬁ'd Fuache >
@ Focksion 16 i fuo 1 :f-f%[“ 9‘“}?“/@ poh

pHL Ljf orhen fwo

<{'.M !/{,,;WJ M A %9m}vﬁ, 'ﬁauﬁihs )

U“ eyl g B =0 Eules ng;fzé’»
2-4, (2-1)



‘:}«u alé; 5 ; o U i”@ﬂ £ !1 {,MJC & ? W }'}l‘f&«z f

"D i? }x N ﬂ 55 i :

............ /} E/E Duto gL eo e Y ‘7151 5“55/,& vadoad
{//@%%% © FEM g‘“"‘ i 3 !f/@iét{i’_ﬁ»g i ]LHU Cloy faus 7t 4‘,‘({/{"(‘{@4@4 if"f’-‘«(?

,/} ﬁ/u?? ffj’z.z{ J’M tder ,l)(,?}.i/)}"; a1 M

e loaded  Complx plie , 1€, Ao tomplex plene ;m{wag/

{f’L.,Q /D{;) M.@ £k ) i iﬁl“u 2?

DL}”& mhm 7z ( bYewavior ot fn}-;mlg ) (e} =1t
u;}ou;}g,{ b/l =0 f;ti/m%jw Fo , ke, vk ii(’/f]

, o N "
vit 4 { = ié)}vi.; :5;{ S}V =2 (W hect e Pl

Sk = &}ii/e b B

%/vg/g/mmfm@%

- 7 ‘ifé { o N3 IV ‘{‘f},f
= . Upa = 2% vy — =247V bt

M/Mf‘"v* g Pl )V th FqU ) =0

L ¥ L SH) V=0

T
7 QT W

. 0 o e ;
;}/ f ‘!» Il M &4 Vla g o fg:,f ket %{{5/ /L)u
Assume “Hhe = ’ .

henu

1 Gy | Ga
il ): e «i e } Yl
F’A {4 = Q;{ 4 51}‘{;\ b {i })(% _’i. 2t
i3 g , b
Sl bt ib g o A



oo . L; j ,i,§ . ‘ o - . /
ﬁzgt)?;}f)é NI T # Sewad orde FTuchsioa Do Ll

s epulac  shapd ber i ;3 (e 2 /\C‘¢,Ld :’ﬂ(f A?
wo v Qj“ wlas 3 ! f & F Gu b ¥ w

o DVE wik (oakd &e fhiciedes
tr}m’@’ {f . [o+ oA ol 222, ke fle f‘,ej};,gfw,m

Sénj‘w’&f '-‘?a:n"wh &j JLQ D{: . DC}ﬁm plows

7 -7,

,E - .’i v

Al zfus, De (1) e cleces I8
“*éy s fg?) u§ 1 UlE) u=2

("g"wqa, - T4
(g »::,L_ijrfk

Al & {,(3;

k4 ) - ,{,{? (;’-zréz.:,?

[PO—————

T
’{Ji‘zz o &Eg ( i L)n« ” :Q /{.«(E‘; vm}_f!w‘{& |
(Fé "“":EL,)L{ (/”z ,.,,;gb }53

N 7 o - | R
Usy ﬁi?;‘;}qwzu? E’"ﬁ:&p P Pla) (;wz}tu; RTIRZES
(Z-%) (2-% ,

) T . e
(24%:,} \-'Z, %’i«j_:ff- L P {;g“ﬂ%a)j - })5?/

(72 &»%aﬂ & | t-1y

mjf v ) = w )



?‘Eﬁél’ gl»?ﬂ_
1E-Fi =2
2(5-1) = §2-% L F -
€ -/
R . Tyt
221, @ Ye@ Z- E}:__M?f 4y L TRtenS R
Ry a ?3 o 3
s 27
-t
- L
?iﬁ}f‘: e 4 {%g“@-i) jm‘:“" P
5 - G-1°

Lgg 4 Pls) U %' Wisiu

\g . M . kf%”bz, e"mfwi,w ”ZSMJ?%L; }-:)aw»‘f‘



)

he 9}

?‘.

< {E i £ }3 G

i
7Y

:ﬂx&.

f - j% - (5€
g) 7,. ‘/'Z-L

Theae }2’3 cifomeles,  Can

(4-tp)

O e rvedeass

vl & ﬁmf(uf Atk ©

&0y G !»1 3
2

1 % ff{ Ve } )g/mém/

-3 / (} " {

p Iy
oy b))

Citaf
(1-t ) (22, }1i-2,)

Wt

‘M R Coped /;:15, v

{

(ifiu’{,éﬂs.f L WY }1‘2 . /ﬁh{ f{ {2 6% L i i}

it Ay
Féaleiip oS :5

Le 3

{ /IL}\@ /O j/t} L /91 '}3”““{-{ 5 J 3y i .IL;L‘;_;H < s

O
ALLE) {g;,,f:g!)(\{g,.g%; (g_“%ﬁl (50t )

ey

Tysil 2o

o~

9



L

0} ' i
ooy o N S O G .
Proo}. Wl ) (et (- )

L

f

?‘3{{,%2‘ x\;‘ {é"gi'\j}g‘ (émz},}{w

) {‘,{w.g;}f (1-72, }5‘ (B-25] ﬂrfvf

| ¥ | R
A Prea 1t [

i _ o - : :
AL = p (v‘“-'i) {'?fi—'!/f }‘ [%SVTEL)}{'&—-&& }é (&

pslser) (eoe,)t Efwzz)y?ﬁagjﬁty

Jtleg) (v ) (2w T (eg) bt

- . e {\/{ gl
paes (2-0) T leen P e e

ot I ) 5 -
(el (g )

] o ot
Jost (ea) (ea ) gl s

J2ry (-2

9;2?/%»z;}ﬁ1{’%m%tfswmgﬁﬁ d&f
b5 (et (-0 gt o

sad (2r,)@a ) (gt

-} {ewaé)”{Q%%L}izzm@}ﬁ @gi



( Py o :
4 ! [-d-d g d-p Ly ,fffwi j (-
7 £~ A
NI R P RY y Lt T8

(e (2 (‘2*63) (2,0

s e ot

! g 4 !’ ‘Z,Ef /]
(? “2) (-4) {é VRN

] ( .ﬁﬁﬁ;ﬁ:ﬁ: J f,_"",_,f’jg };, (- ¥- nggj o 35 w:{_/ > Y
RN 7.1, 2.2, 22 7-t 3
] (2 ERICET peey

@}<%[ { - (AT - (457 %‘1wéﬁ%ﬁmuﬁ@/ % _j—(?%ﬁwzyﬂﬂjw

T o~ { ¢ -1 ot X

T

K )= V4 die pie i
A0 plie 7l

- -ty .gji g«; L . s h; | T ’g ‘
L"—»") 53( a{ ﬁ“‘ ¥ 1 jm‘ [ ~?,;} (zz&) (2- 53} })?"f#’/ ,‘Eéé’ ?}e{\f\

Y ))’J;( U,{ 4
N A o Ve,

) . #
i { e iy i -l 5 i i/ LA & } {“') -4 ’ g
( el st g £ % ,{
¢ ¢ /
v plee B f



8¢

35@;{* ’S&g

ff}‘(

v is it

(\H b«‘v ,w};t; Ao Mobiwn }-{é},«zkjj oG T 3A e

AD-Bcto

b4

f’w‘»

O

o 5 L . Eg Z&L 5;
‘%i’a (244 (-3 le-2) ) »x"f ps A

él} v b f;
Tt v or (-n) (t-w.) (7-2,)

o

Sl

he



) i { { . ) (L N .
gé’f é v, - ] . b wed jﬁEJ )Z( f&"jﬁ&’i}} uf&,»b Q;/ 80 gl oA i
1 {
. L, = oo )
! by - LT AT 415
N / O '4 2,4 3 J - 7 tf= J ) I _wj_m,‘}m!m
L z 7/ i
. B Az
8 1, ~ ‘ ‘ ]
! ATy~ A7 J
(Z‘}jQ, o~ wmyi ‘‘‘‘‘‘‘‘‘‘ .. ,;,.};, z;j Ly )
- C2a 4 i L
3 1Y - %?/ 2
A La-d1 c |
D7 5
1. (2,1 :
R 207, -4
S N o 1, - wii_m%w.ﬁ
| 107, -2,)
5 gl pus o S B (o) 2 -2, 60,4]
LD C T
oAl lega)t e
s (e 2]



Yol pry M"““/‘/ (e S ) ply 7 fle fb ﬁ».»fﬂ}ag« ' @
¥ Ps - {%”"%;) (CE Ay ) (rérz) f Q’JY‘}S;‘F}'?UQZ
d Yo 045 Y

&y 1 55 \

| . 4 ” {
. 4 o ”’{7 e !/j o (é-wlf
L >723.f (*gﬂiif} (3 fg,) (’{Q} de{p”%{)g

. L
O A s
Lo o fpY

-1 b ?’( y
R a U 7”3 Sy ’Zf ¥ » L
(i-dl (€-a-b) com e

- 1 1



fﬂ &/[MM; Eeon =+ mf;zzf/tw.jﬂ}?g &y

i ) S oﬂu/}q}m o‘-{’aa«j\ fl’Q Sif\aﬂ/o( l(,,, .)991/2.1'7

7 ) Kumme 'y S o Lehr i |

5)  Find fhe sodahins abod =) and 2Zre by
,AM}/J f\f( K ceeman'y j'o{(‘j«,‘h“,

. 2! 11_ "75 ( ..
Pia s 7}
a’lﬂ' "/(

Ll) 5})@1/{0@ CAaren
‘:’S‘) Coi | Coend kavaﬂemdm AMJ‘\ : Tu'ty (ck’é--)u(—au
é| Plabi)s e Fla; b,y 2/y)

) b3

.’9) -5 1-w 2@ ) repalis

<) Serer  20lg. |

) Fuadies el led b (HGF

L

et o

o bl ¥
b= oy 47
1~¢2d-A



D C -fjl)—g Y, a?LLQ % &Liﬁ&r{ éi{.f Ll € /’} D f’:ﬂ
\\

‘ £~ )X;{ i CM ( dﬁéiéﬂ}'zj o' Gbi=o

[ A=0 bz A = I-C PR B

. i N
5 ageu | [e-pltanlius et /-

!
|

\ :
@ ALl = F (@,fﬂ v O 4«) Efgjpﬁﬁﬁ?a&m,g\/\“z,

| | 4 A |
P%jgm”%” (1) (32) Flahe )
‘ ) R I -t .

ofig‘fai’}f{ é

F ( Aoé-ifmf ) It 1 dof ol {f{ ,,,,,, e }fz;{é }

'(ﬂz" -ty) {g%' 1)



——

- ¢ Fetb
u”F[iuLJriC ‘ ]u’ fabu=0

t {
2 (-0 L a2 e fatt) v fabu-o

(
20t~ [~ 12 lCti~cta #bJJu,fl abuzo

f
(-2 )u [ - %(1+a#6)]uj_g£vq 20

A= o437
e 0/%(5;(%?)/

|
[-C = of A



(i

'TL; v J-{@m

8 j pecy comelric

. ) ! )
Yy - (phbii )2 fu-ab u=20

Cefd v Ss\ {L%’ﬁ i Lo *i}{
L=l i/\::f}‘j O, -c
£-oo roce f, = b
R o0 [\.L:ji'f"ﬁ C-G-b
Méf”{ 2 Sl ‘?!.Eﬁ_} aha N Jre ';--’:‘fcaz_fm L E‘g.ﬂyzi (e g//* I
3/(/ P } {i N,

2y

r{é‘{,f:);c;% } = L Cvrgﬂ
) L I

(arawel / w;m»f)

¥l ( 1Y L,w{}
17y M ' M f}v@ﬂw}?‘ﬁa‘,&w!ﬂw«% ey & o i N / ) & ;- { S oL,

L ig“ LLQ e

_alas)- - (ata Y bbii) e (biner)
el - }ft;[{_fg}»u,(’{"%ﬂ}_}}‘ .

(C{ b - s\ €b i Mw-)C

vi L p e !}
mfﬁ}/; 1) !am)/ ;g,} e =1

4[& ﬁ)/;[ r (,,\},_f}

im g

Weaa
- : M) Eaaat fadn i b in e
( !' G, b 5 O ) =S 7 ﬁm_uwiwww} — -
Ma b b ses IO P v



W s

This  An called Mo ¢ Mj";mn gﬁe.wfa.%;¢ég Selq e
4

@

?'{;{/%;Eﬂi%}:% 2" -

i £

Geome g«"m S et e

.g i/Lgih ﬁ'{ },7 SE /?/6&42 25 i I L&Lt\.}- ,{_:f\ \j{w/é‘,‘ 0{ /()‘&? }0 !»EG }C: 3 i ?Y‘-'{ L_)
Powt 7= | Llen @

ot P(.C«} . i ({3#3 [bin 1
Flab cye)= —— SR a) Ploin) 27 AR
{a}fﬁg} Pl ial ¥
Seemd § {f«'i-.... YA 1 [ fI | f
o 2_7 Q )) ) (/Wi ol ;J/ S M b&é
S j, { ‘{ - :{;/ Y 3 ff\; L By, 3 H E"Q.fﬁf\ : &4 i ﬁl}x(x;{
q ' o

Whaw gl sahshier

Fley) 3;{{”‘ L Calb-acin)zict V9, + (a-cr) by, =0

f-*"(. f $i

L _
Poch. w's(rae Ty 127y, '

i

U = ~L [{“{;} L

5 i . A
g, j20i-c)t g 12 g

s

g,,f-"‘i;;

{

i ,g (,y, }W s a({ fé /Lgi + 4% {’{*%/{{ﬂ_iﬁ”}g{%;f

"fii,wi&iéaf;}’éj fe;)Z j {ECN{@;W, é}j f

- b ?f _ﬁf

. o ‘/:/.!'
2/ - i; \ ﬁ’ ? [ 7&, ( {*/}/,) { e ,} /'!/ ﬁ/m { e 4 éij/}/ﬁ y 7
S /( ( /
1

Uy oA an g, =
T Lo



-c4e) alpid
2 -+ ((, ) Q{? wwwwwwwwww - gj
/
" |- é/ 4\;@{;{»(’}[1@3}?!
2] §, - et =9,

NPT ,,,_,,Mm_,,._v

e
{f C E,/““{Lf b ’5} ’g + [C/fei-f'%-:)éjjj

wéf?b "3; = 2

!
2219 | 7

y et

-~

94 4-¢) +C - (ahbitdT- za)z

)w(&4w¢)~a5j§};a



\S’: f::{ @ /5(} ..... A ‘-)éf fi,ek/ﬁf s‘?{(): ibm,j‘ C/{{;}

_S'imi’lci,..ig

160 1=A -0 f s (~a-Y

/

we lhave i f C-g-b = NOT miafﬁm
-t~k

Miy) e gz(%‘&) y(1-%) ;"73[4—’&)

Wm %}1 bk %} powia Veiien J} -

y ; 7 o ot e 5 { i}
%j% Gnd @5" aw  poww  deder fz}



I, =
S—

F(G'b"cﬁ’&) ) () PEL

2 am) lotn) 27 A

}“[c-//ﬂ} 1/

- [-¢ (7]
(H\.ﬁvi /{'/'L (L /- z ﬁl

A onb S H0E

jnawh ! 3
A fa }b)'f;,)u L abu =

( T
s+ [

w94

~ T, et /Mé,_zuz)zjg/,’
2 (2119, +

+ {6’1"6—*/} /é"ﬁb'ﬁ/)gi =

(atb-2c13)2] 9,

07 | |
2('{;%}31‘( 4 [Zmz_w
w[ﬁ»(,zL/)/ﬁff-F//ﬁ/
2 g () Cla-ctly, b-ci) 2-¢; z/
7 J|

{4 )y -1cdt

‘ [~< /:—' (G-l }j'“é"w/’
=2 g1 = A Flab; ez Bz A



_(ltats ]2) PYRTEN

ld Z = l“y. =) l—m/fi/.pj}g( =Y

U= 9, {y]
(g )y gy #LE (tats) l-g)]dy ~aou=o
(-4 1y Hyy T [-ctitatb b (Aats)y ]y b

u=9, 1t Flab -citiatt; -1

. O )

Ay = {{-2 /] G/,’S [{;7;) %
4, F [cb, ¢~ay [4c-a-b) [-2)

F {@zl/}/ “ ¢ fjtatby 1-2)

e = /1
+ 3 (-2 )T Pl c-b, a1 i asr/{)



’ ) 6“7{)“/{1 m_ /lﬁfuﬁ&/ (jjﬂj}wgt /7_6‘ (= ‘%b | @)

i,) roo e 5l -4 .:/VOT & Dtl-eﬁe/«

{1 ) = %’QO% ( t/_é,/,

154{ U(-&ZS :Z(\(?L/ [(/{’/ ﬂtﬁm /ﬁ\é /7{/7(;

IQZ.L.?&LM

y(//,, g

R )2},
/ (r‘ia)(mﬂ:;/j(gy_va

O[’“M' fre -
- A

y”’ﬁ/gu(

rg (-1 -« tc) e

} [ra b ~( THta "*)%]ﬁq

a# _,,_/_

3 iy

gu{ -
4

a +a <

- G ("‘C&J(}Q.

;iﬂfllwg

u[lf\: A -’g”a I:‘ {H} {;a,c/{}a_lﬂjé)
SIS



N

Comnes > Saled i ¢

ol { {f?j{ ¥ s L
4T
) g i ! Tf ‘ ,
A } ( R > F ( Abptd, AV A fol- ot (-t el )
1. L2y B ) L / ¢ {2 . %1/} { 55 2.}

Qﬁf}

Q'L j ;{ {0.a44 Gy &Ly 7)) A (A Erf e ‘; .,!@/..

g
Lo d @:’/ A L geeread Lieces

| ! é oA
A fma A , b ¢ 7
Lol !‘Z{iuﬁ{‘( /L‘JO ,.%5/‘*7’3

{»,’)&Jw s Nt ashrmts . for cus

4,7} & 7[k3 Lf./( (»/ Hley 0 éfg,w[h 3

if

. . - i f f < PR Ay oL 4 \.?‘ | N 4
fjg,%d ij }(é s (]/ Vgl Ao Qa/ﬁ\m,j Kirmmed ' s f_}u*{cagi Jt)

e

b { "



/ TN/ T ,_
(ff X UJ eh» fi ;‘«; Luim; {t} A g\’j. ‘}" Z ) cf‘f C«;Lg g / G@
(.4 S rupind ML“M\J; Aa g? [-1] ”Y ’
alby oy
t’ﬁxz {’E}é 4 .«W, }é:w L5 idv*«tﬂi'

éﬁ@uf Lot sz LE/E/ cp}‘ﬁ, e The s
Py &3 X A \KK“? ~y {

2565"'":} 1{

of A4Y [fg-3 J -1 o
PR ﬂ ({f‘”“““f} Flaipd, 49545 117- f (2-%(2,- )
(<, 1, }i ?@3

d ?)}’» / P i i
102 p) b LAdipie, g By

AR
iy | ! v r-t)
YO F (dd psys , dip s o THT- Y -

r . ; ’
for o tee dEOdtoC psea, plsh
720, Tz coua-b
abod 224 g, 5,3’
C-tents
b, ogabii-c (-2 ) b U= Fleoy, ca;fteay,
i~ )




winl=2"w g
wiy)

/WW

(et ile

= 2 {"(»%)w“ o]

Y l X”’E(’*

! o L {
yads)rid e e

_pg-bear-{1-C .«'lf)%jw"

b “% (‘A 4'5"?){"“%)1 LW=o



5 TV 5 (?‘) {EL{,-; aﬁ C ) @}

;T = Yadn) G
O Flabb,zs [/ s 2" (4a7)
i fal [ins) - (-7
G Fle, 4ty ) = . S0 2 [0 upat]=%e )
“ﬁ p“s’g PR ) = “}ﬁﬂi{ig’} (/Q{\WL)
7

bgi Giom b ouu Choss

———eas

i)y Lh-a-La poie) o (ndadbi ez

| | Py
(e &;L‘VA!’
1= (-21 (-2 )] = @wum‘)(ww«w
dt{ - »'E,.(j%g - é/ 2{(,{‘“2(}
{ £
s My ()
U?(ﬁ %{ ,uzi%i -

| L) Yy ! | b~ Ladbiz ) ti-a2') )y FN(Adadbas Jus

l.ﬂ { ; " | ’ l‘“z . - . : . h
Ve Ay - ol g (adpie] 2t uyt B A WY EIZIRIES

F {""‘i}‘f b akbied , Akt (mwé ) ff}i%u__mj esmek Free

P sl baian L N
KA Y e R A
BCas ) Matr) FEo g datvie adis o j



/) ﬁp%‘»é (2 [@W@M ey )

Bt . T

P * ¢ ‘33!) 2 - 53) ; )t T |

i %0( {3 Y 2}: (’é% Zﬂab P 5 oo ,
o ]61 Y

{f- C b C-g.l

L/
ftg (2}

Z-C 4'}6«?49 'f»,L (~G-b ]’;Z(

tf
IR T ey
[ (’Zz 2,) (€~ }{5/5 7}

(z-t ) ety )1e-Ty

]61‘ 7[: O J "‘ZZ: b;:'zga/ ; 23 o o

. | %
o [a-¢ thatkA ”*C*‘;;_‘?i";:;_‘;ff)
y +( £ -2 2~ X #
g 24 (o) 24 gwa

(% - ’Lo() 2(‘29/
— o d -
!‘d”;[%@__«, M)ﬁ"‘”"i/j“
, | A
vyt (2 )y ay =0



2 My 2oty

' . 9 {
1 (1-v) utl { poo (ddetb) e fu - abues

[. %ﬁ{z% i,{ir": ui( |
-4 ¢ : T L Vo b ,
Z A - 'ﬁ‘// - ég Z - /@;{:}
+ ({,?2; }g Ligs, J%L - [ 14 f); Juy L:_ s

P P4 o LAt AT VI R
”2{57“1/&'/) Ayq ! [ oo ttiet Jo Sty m etz




( D‘:’},! fyent  Bype §¢oH edvic )
fz/zv@-uj?’)kw |
- O Gind LB
oo e G 2,20 :
el X/;"'f":”":}
é H;f/ MSJ} 'H;{}zsi}g‘ t‘}\)}_,ot
! 3 P ot ? £ -
o ( 7-11 2-1, \- €
A Ll afz
(2- %] 2 (1-1,)
L
" | AR L (2;,-%]
vy Q@ 1-ah teadb Yooy SR TR
U 1 2-1v 2-1, TEENTEN

1,
L [
a ©, r-a- %lf [-¢-4 Lzﬂ > o'
U { . ”EA,ZW? %wq7
T . LK
1 (2 w,'zcgziﬁ(éw{b)
£ -l ju 4 o MO
u' SN ) :
,\J
» {



{
g; r(/é 1! { C, - /&' } {;I{ i 5{ {»”{ gl 3 E {V - i ; {i ‘ & e
V'/ o ;
{ {1

T4 n-}gué_fwéwj p o ok st fo sab w’i?,

oo

A r,e,f;,{;{g/ g;,@?uﬂy /Qg;z,g,;é ;j A, @

LA Adyd
oy .

gl P dee poot )

ey, fv? Vi {

b (O &VWQ



Con{ e %Mﬁéw/éf ¢ A%AM “or [-C # lst aq
f
0 (e ) U Ray s

-

(= 75/ 51

(
{ = j-c ) & C7 fZ (:
Sy

i |
v - wC(ch)ZfC’Qg fz(/»c)%”cﬂ/4£ g

/

,—~ %
<

-ctt-er 2 g 1 21) 2 J "y (7
/(C -7 ) (/(,)/f Céf +(C- é)Z/ 67 O /)(j -5

2(7” 1 [,([fc)é 1{c - g)z—

((//,tc/zmjoz =
éﬁ%“féﬁg(zﬁzc fC—Z>j‘wﬁ/(%c%alj“
4" 1 (el " tcralg=

(< é}‘k(’/w ja, 2-¢, 2 )

(- &
/t/\/\’N/\//\/\/\
. Son o
- - - @(O;é‘lﬂ F P ?*H/ /,‘D ({'LM’IL a

e O
{- ¢ NmL ¢ /’Z[&f& ’




g - . ,
4“- 5 “b""é{“i/é‘“'i o & et {ﬁ ETE, £ é’i}&vé\ PR

S 7 " ”
¢, o O ) { o {’{a%.j\ }1;5/‘;25.{ Jf}?aﬁ? ¢ e;ﬁrgz ff;zxzﬁ;}; be 4

: )ffb y’"‘?’ -G Covn he f:p vad %7 ’yjjﬁ'*’ o é,f .
-y ) /

Simie - (}“L@ ¥ { '”'.‘;}jfz/}q‘ ley /L?Qm_;( ) M . / 7 =5
. 2 £ ERD

4 il ) ) ) ,
J’Ui% }L& [ Flacdod ffu-/ pergeon ehvie /M e

S Fget Gy FE







led

}} {{Ay (/3/ b {& Lt g £ f ZL {L? Léty Fh

#

}“ WS} Q,/;}K}"Q A 1 €./£fl z)»é?)cf(

Lo '({/i*img* )/Ly’}?.én-@ /?...&;M e Fune ﬁ

fi’,irzc,ﬁ; B




3 ‘%"Z. )
PIRANVERY £
u, = -3 y,
% - [ A ;
< LA -5t L a Vs
_,{ g’i T4 £ & < S F y
I ARV !ﬂg_. TV "
U,, -~~~ €7V b f / )
w1 N
L
L H



¢

c_t§{a/ J‘f fj{

9 {fuv . ‘/glir{-

" ——

-%%MQ ’[“/"Q‘J‘M.

¢zt

( (
| _c{):%4%“{/

s N EENA S ')

2 (1)’ fu



SET 7

MATI 543: FUCHSIAN DIFFERENTIAL EQUATIONS
HYPERGEOMETRIC FUNCTION

References: DK and Sadri Hassan.

Historical Notes: Please read the book Linear Differenticl Equations and
the Group Theory by Jeremy J. Gray , Birkhouser, 2000 for the contributions
of Euler, Pfaff , Gauss, Riemann, Kummer, Jacobi and others on the

P symboll and on the Hypergeometric equation and hyoergeometric function.

Definition 1. Linear ordinary differential equations having only regular
singular points are called Fuchsian Differential Equations (FDE}.

FDE with two regular singular points
Definition 2. (Regular singular point at oo). If the transformed DE by
z= % has regular singular point at ¢t = 0 then the original DE has a regular

singular point (in the extended complex plane) at z = co.

Proposition 1. Second order FDI having only two singular points is equiv-
alent to a DE with constant coefficients, hence solvable in terms of the ele-

mentary functions sinz ,cos z and polynomial in z.

FDE with three regular singular points: The Riemann equation
and Riemann P Symbol.
Riemann has put a second order linear FDE with three regular singular points

z =21, 2 = % and z = z3 into the form

an (1 +totod1+8+ 0 L i +’y+7’) N ((z1 — z) (= —zg)a'a"+
z— Z1 Z - 2y Z— 23 z— 2
(20— z1) {22 — )R | (23— 2z — 2)vY u 3
+ =0, (1)
z— 7 z— 3 (z — z1)(z — 22){z — 23)
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where a, o, 8,3, v, are constant satisfying the constraint
atd +B+F+r A =1

The solution of (1) is denoted as the Riemann P-symbol

21 % %3
wz)=Psa B v z (2)
al ﬁf ,YI
The columns in the P symbol indicate the location of the regular singular
points and the corresponding roots of the indical equation, i.e.,

1. z=2z,ry=«aand rz = o

2. z==29, 71 =Fand ra = g
3. z=12z, 71 =7vand 12 =7
One can reduce the 9 number of parameters in the Riemann equation {or in
the Riemann P symbol) into three parameters by using the following type of

transformation

() wz) = (z — &) (2 — 22)° (2 — z)o(z), r+s+i=0

(ii) The Mobius transformation: z' = %:_2—;—%_:%

we obtain first (from (i) above)

Z1 % 23 oy 21 Zg 23
z—2n\® fz—=
PLa B v =z :( 1) ( 3) PO a 0O %
Z— Z2 zZ—Z9
o By 1—¢c b ec—a—0b

()

and the using (ii) we obtain

Z %2 X3 ¥ 0 oo 1
Zz2— 2\ 2%
Pla s d iy eyl w0
Z— Z9 Z— Z3
o B l—¢c b c—a-b

(4)



where

S = (z — 21)(zs — 22)
(2 — z)(z — 1)’
b = a+f 4+, c=lita—d (6)

a=oat+F+7, (5)

The P symboll in the right hand side of (4) is the hypergeomtric function,
F(a,b;c; ')

0 oo 1
Fla,bje;z) =P ¢ 0 a 0 z {7
1—-¢c b c¢c—a-1b
Problems
1. Prove that the hypergeometric function defined above (7) satisfies the
differential equation (hypergeometric DE}

2(1—zyu" +c—(1+a+b)z)u —abu=0 (8)
9. Find (Kummer) transformations leaving the Reiemann equation form
invariant.
3. Prove that
. i by z_n_
—ocp !
where
0 = P((L+ﬂ-)? b, = F(b—l—n), o I(c+ n) <1
) 30 e

4. Prove the following Proposition.

Proposition 2. Solutions of the hypergeometric function bout its regular
singular points 2 =0, 2 = 0o and z = 1, provided 1 —e, b—a, andc—a—10b
are not integers, are respectively given by



ulz) = A1 F(a,bc;2)+Bi22 °Fb—ctla—c+1;2—¢z2), (9)
1
u(z) = Az Fla,a—c+1la—b+ 1;;)+Bgz”b

i
F{b,b—c+ 1;b—a+1; ;), (10}
ulz) = AsF(a,bja+b+1 —e1—2)+ B3 2" P Plc— bc—q
l4+ec—a—b1—2), {(11)

where A;, By, (1 = 1,2,3) are arbitrary constants.

5. Find the solutions {10} and (11) about the regular singular points z = co
and z = 1 by the use of Kummer’s transformations mentioned in the Pr.2.
6. Prove the following: The Jacobi function P§“'ﬁ ) satisfying the Jacobi

equation equation
-2+ B—a-—(a+tf+2)/ + XA\ +a+ 0+ Du=0

can be written in terms of the hypergeometric function

I'(n+a+1) 1-2z

plesf) - Fl=A\A+a+8a+1;
A T'(n t )l{a + 1) FAA+atfiotl—5=)

When A = n a non-negative integer the the solution becomes Jacobi polyno-
mials containing the Legendre, and Tchbechev polynomials.

7. Prove that when the regular singular points z = 29 and z3 of the Rie-
mann equation are pushed out co then the resulting function function is the
confluent hypergeometric function ®(q,c; 2) in

8. Prove that ®{a, ¢, z) = limy_.oo F{a,b;c; §)

9. Prove that the confluent hypergeometric function satisfies the DI

'+ {c— 2} —au=0 (12)

10. Prove that the point 2z = co of the confluent hypergeometric equation
(12} is an irregular singular point.



11. Find solutions of the confluent hypergeometric equation about all it
regular singular points. The form of the equation is of the form

u(z) = Ad{a,c;z) + Bz d(a’, b 2)

where A and B are arbitrary constants. Find the constants ¢/, ¢ and ¥/
12. Prove that Bessel’s function J,{z) satisfying the Bessel equation u” +
w4+ (1 = g;)u = { is given by
Jo(2) = ﬁ(z/?)” v+ 172,20 + 1; 2iz)
13. Prove that
dn
dzn

Use induction.

{a+n)T(B + n)T{c)

M@t Ot ny @ mbtmetniz)

Flaby,6;7) — -

14. Prove the following:

(1) F(Hﬂ:b; b; ""Z) = (1 + z)a’
() F(1,1;2—2) = LIn(1 + 2),
(i) P(3,3:3;2%) = 1sin7! 2,
(iv)

11

e T 2%
25 2, ,z
(v) e =limy oo F((1,5,1,%)
(vi) The error function

2 13 Jeli]
r _z .
( ) frfo V1 22sin%@’

Erf(z) :/ e dt
0
15. Prove that the Hermite-Weber differential equation
I 1

u’ + (v + 3~ Ez‘z)u =0
can be converted to the confluent hypergeometric equation by

2

z

u@) =eT o), €=%

with

v(€) = ®(—»/2,1/2;¢)




